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Abstract
In a quest to explain the small value of the today’s cosmological constant, following the approach introduced in [1],
we show that the theoretical value of cosmological constant is consistent with its observational value. In more detail,
we study the Freidmann-Lamaˆıtre-Robertson-Walker cosmology embedded isometrically in an 11-dimensional ambient
space. The field equations determines Λ in terms of other measurable fundamental constants. Specifically, it predicts
that the cosmological constant measured today be ΛL2Pl = 2.56× 10−122, as observed.
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1. Introduction
One of the most controversial problems in physics is the
cosmological constant problem (CCP). The natural value
predicted for the cosmological constant by particle physics
is ρΛ ∼ M4Pl ∼ (1018GeV )4, where MPl is the Planck
scale, which has a great discrepancy with the observational
bound, ρΛ ∼ (10−3eV )4 (about 120 orders of magnitude)
[2]. The supersymmetric theories put a lower bound for the
cosmological constant which is about ρΛ ∼ M4SUSY, with
MSUSY & 1TeV , the supersymmetry breaking scale, yet
has a difference of about 60 orders of magnitude. This dis-
crepancy between the expected and observed value of cos-
mological constant remains as an unanswered question [3].
Many attempts have been done to give an acceptable and
relevant answer to this problem in the context of general
relativity, while some authors were seeking through the
anthropic principle [4]. A different aperture arose when it
was shown that the cosmological constant became zero as a
result of a unbroken supersymmetry [5]. Notwithstanding,
many attempts done in the context of supergravity [6] and
superstring [7], yet there is no mechanism known to have
an effective cosmological constant which is of the same or-
der of the observational limit and particularly is unaffected
from the quantum fluctuation. On the other hand, the
discovery of the cosmic acceleration, directed the study
of cosmological constant in another point of view. The
positive cosmological constant was demanded by observa-
tions including the more detailed studies of supernovae
[8], large-scale structure, and the cosmic microwave back-
ground radiation [9]. Recently, the released Planck data
combined with other astrophysical data, including Type
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Ia supernovae, constrained the equation of state of dark
energy to w = −1.006 ± 0.045, which is well consistent
with the expected value for a cosmological constant [10].
Meanwhile, the braneworld scenarios present a solution
to the unsolved problems in gravity and cosmology, such as
dark energy. In addition, it brought new methods for hav-
ing a vanishing cosmological constant on the brane [11, 12],
but non could provide a convincing and robust justifica-
tion. So there is not a general solution to explain why
it is non-zero and yet it is so small. In the herein pa-
per, we focus our attempts on the approach introduced
in [1] and try to address this problem. In that paper, a
covariant or a model independent Einstein’s equations of
a brane world model embedded isometrically and locally
in a ambient space with arbitrary number of dimensions
are derived. Therein, the use of Nash’s theorem for the
perturbation of the submanifold lets the brane to have a
thickness. In brane models with one non-compact extra
dimension, the extrinsic curvature is defined by using the
junction condition. But, in the case of multiple extra di-
mensions, the junction condition is not applicable. Then
additional assumptions are needed to specify the extrinsic
curvature. It was shown that, the induced gravitational
constant, GN , depended on the local normal radii of the
Freidmann-Lamaˆıtre-Robertson-Walker (FLRW) subman-
ifold, an arbitrary function of the cosmic time [1]. In this
paper, to be able to solve the resulting field equations, we
will use a simple phenomenological power law form of GN
in terms of scale factor. Consequently the induced extrin-
sic term on the field equations of brane is of cosmological
constant type. We will show that the observed cosmolog-
ical constant is a gravitational-geometrical constant, and
it is not related to the vacuum energy.
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2. Extrinsic gravity
Following our previous work [1], consider the D-
dimensional Minkowskian ambient space (MD, η) with lo-
cal natural Cartesian coordinates YA = {Y0, ...,YD−1},
endowed with a metric η with signature (−,+, ...,+). Fur-
thermore, consider in MD a 4D Lorentzian submanifold
(M4, g) with adapted local coordinates xµ = {x0, ..., x3}
and induced metric g. We can then construct an adopted
coordinate system in the ambient space which includes the
local coordinates of submanifold M4 as {xµ, xa}, where
xa = {x4, ..., xD−1} are extrinsic or extra coordinates. In
such a condition, the submanifoldM4 is defined by xa = 0.
Therefore, the isometric local embedding is given byD dif-
ferential maps
YA :M4 →MD. (1)
Also, the vectors
eµ = YA,µ∂A, ea = NAa ∂A, (2)
form a basis of tangent and normal vector spaces respec-
tively at each point ofM4, where NAa denotes the compo-
nents of n = D−4 unit vector fields orthogonal to theM4
and also normal to each other in direction of the extra co-
ordinates xa. Consequently, differential map YA satisfies
embedding equations 1
η(eµ, eν) = gµν(x
α),
η(eµ, ea) = 0,
η(ea, eb) = δab.
(3)
Then the projected gradients of bases vectors can be de-
composed with respect to the bases vectors {eµ, ea} which
are the generalizations of well-known Gauss-Weingarten
equations
eµ,ν = Γ
α
µνeα +K
a
µνea,
ea,µ = −Kµνaeν +A bµaeb, (4)
where Γαµν are the connection coefficients compatible with
induced metric, Kµνa := −η(ea,µ, eν) denotes extrinsic
curvature and Aµab is the extrinsic twist potential (or
third fundamental form) defined by Aµab := η(ea,µ, eb) =
−Aµba. To introduce a brane with constant thickness l, ac-
cording to the Nash-Morse implicit function theorem [13],
the submanifold (M4, g) is deformed so that it remains
compatible with confinement. With this method one can
generate a sequences of 4D submanifolds isometrically em-
bedded in ambient space, inside of thickness. Nash’s strat-
egy, which is also the strategy of later authors, was to
consider the problem of perturbing a given isometric em-
bedding to achieve some desired and suitably small change
in the metric [14, 15, 16]. Suppose the local coordinates
1Greek indices run from 0 to 3, small case Latin indices run from
4 to D − 1 and large Latin indices run from 0 to D − 1. Units so
that ~ = c = 1 are used throughout this work. Also, ∂µ :=
∂
∂xµ
,
∂A :=
∂
∂YA
and YA,µ := ∂µY
A.
of perturbed submanifold in the vicinity of original one,
(M4, g), is given by
ZA(xµ, xa) = YA(xµ) +√σxaNA, (5)
where σ denotes small perturbation parameter. Then, the
deformed or perturbed embedding will be [1]
ZA,µ = YA,α(δαµ −
√
σxaKa αµ ) +
√
σxmA nµmNAn ,
ZA,a =
√
σNAa . (6)
The line element of ambient space in the vicinity of sub-
manifold is ds2 = ηABdZAdZB. By substituting per-
turbed embedding (6) into the expression for the line ele-
ment, the metric of ambient space in the Gaussian coordi-
nates {xµ, xa} will be
ηAB =
(
γµν + σAµaA
a
ν σAµm
σAνn σδmn
)
, (7)
where Aµm = x
nAµnm and
γµν =
gαβ (gµα −√σxmKµαm) (gνβ −√σxnKνβn) . (8)
This relation guides us to the definition of the curvature
radii of the submanifold (M4, g): The extreme values of
normal curvature are calculated by the homogeneous equa-
tions(
gµν − La(µ)Kµνa
)
δxµ = 0, (9)
where La(µ) are the curvature radii for each principal di-
rection δxµ and for each normal ea. Hence the normal
curvature determines the shape of the submanifold in the
neighbourhood of any points. Then the extreme value of
the normal curvature is obtained by
det
(
gµα − La(µ)Kµαa
)
= 0. (10)
It follows that the metric of deformed submanifold (8) be-
comes singular at the solution of equation (10). Hence,
at each point of submanifold, the normal curvature radii
generates a closed space Bn (Extrinsic tube). The physi-
cal space on the ambient space is bounded to the Extrin-
sic tube as shown in Fig. (1). All extra dimensions are
assumed to be spacelike, then Bn may be taken locally
to be the n-sphere Sn = SO(n)/SO(n − 1), with radius
L := min{La(µ)}, at each point of spacetime [15]. Accord-
ing to the confinement hypothesis, it is supposed that the
standard model particles are localized to a 4-dimensional
submanifold, while gravity can freely propagate in the am-
bient space. However, due to equation (10), the normal
curvature radii determines a characteristic radius, for the
propagation of the gravitons.
Generally, by substitution of ZA,µ derived from (6) into
the extrinsic curvature of deformed submanifold, defined
by Kµνa(x
α, xb) := −δABNA;µZB,ν , we obtain the extrin-
sic curvature of deformed submanifold in term of extrinsic
curvature of original non-perturbed submanifold as
Kµνa(x
α, xb) =
Kµνa(x
α)−
√
σ
2 x
m
(
Kmγ(µK
γ
ν) a − Fµνan
)
.
(11)
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Figure 1: Brane with thickness l is embedded in D-dimensional
ambient space which is bounded by a closed space (Extrinsic
tube), generated by the normal curvature radii L.
Comparing definition of γµν in (8) with (11) we obtain
Kµνa(x
α, xb) = − 1
2
√
σ
∂aγµν +
√
σ
2
xbFµνab, (12)
where Fabµν is the curvature associated with extrinsic twist
vector field Aµab, defined as [17]
Fabµν = Aµab,ν −Aνab,µ −A cνa Aµcb +A cµa Aνcb, (13)
where Aµab plays the role of the Yang-Mills potential [18].
Notice that Aµab transform as the component of a gauge
vector field under the group of isometries of the bulk if the
bulk space (ambient space) has certain Killing vector fields
[19] and it only exist in the ambient spaces with dimen-
sions equal to or greater than six (n > 2). The extrinsic
curvature gives a measure of the deviation from the sub-
manifold and its tangent plane at any point. Its symmetric
part shows that the second fundamental form propagates
in the bulk. The antisymmetric part is proportional to a
Yang-Mills gauge field, which really can be thought of as
a kind of curvature.
Now, using expression (8) in Einstein-Hilbert action
functional of abient spacetime and remembering the con-
finement hypothesis (matter and gauge fields are confined
to the brane with thickness l while gravity could propagate
in the ambient space up to the curvature radii L with the
local geometry of Sn) we obtain
− 1
2κ2D
∫ √|G|RdDx ≃
−M
n+2
D σ
n/2Vn
16pi
∫
Ln
√|g¯| (R¯− K¯αβmK¯αβm + K¯2) d4x
+
nM
n+2
D σ
n/2l3Vn
64pi(n+2)
∫
Ln−1
√|g¯|FµνmnFµνmnd4x,
(14)
where Vn = pi
n
2 /Γ(n2 +1). Hence, the relation between the
fundamental scale MD and the 4D Planck scale MPl will
be
M2Pl =
pi
n
2
Γ(n2 + 1)
Lnσ
n
2 Mn+2D . (15)
Also, with an eye on the Lagrangian density of the Yang-
Mills field [20]
L(YM) = 1
4g2i κ
′ tr(FµνF
µν), (16)
the last part of (14) gives
4pi
κ′g2i
=
npi
n
2 Mn+2D σ
n
2 l3Ln−1
4(n+ 2)Γ(n2 + 1)
, (17)
where gi are the gauge couplings and the index i labels the
simple subgroups of the gauge group with
κ′ =
{
2, n = 2,
2(n− 2), n > 2. (18)
Therefore, the induced action functional is equivalent to
the 4D gravitational action containing extrinsic terms and
Yang-Mills action
− 12κD
∫ √|η|RdDx =
− ∫ M2Pl2 √|g| (R−KαβaKαβa +KaKa) d4x+
+
∫
1
4κ′g2i
tr(FµνF
µν)d4x,
(19)
Equations (15) and (17) immediately give us the follow-
ing fundamental relation between normal curvature radii,
thickness of the brane, number of extra dimensions and
4D Planck’s mass
L = l3M2Plκ
g2i
4pi
, (20)
in which κ is given by
κ =
{
n
2(n+2) , n = 2,
n(n−2)
2(n+2) , n > 2.
(21)
Note that if L ∼ l ∼ LPl, the above equation reduces to the
equivalent relation in Kaluza-Klein gravity [21]. Also, from
equation (20), it is easy to see that the following relation is
hold between gravitational “constant” and gauge couplings
GN
G0
=
(
g2i
g20i
)− nn+1
, (22)
where G0 and g0i are the gravitational constant and gauge
coupling constants at the present epoch, respectively.
Then, the induced Einstein-Yang-Mills field equations
for the thick brane world model will be [1]
Gαβ = −Qαβ + 8piGN
(
Tαβ + T
(YM)
αβ
)
,
∇(tot)β Ka −∇(tot)α Kαβa = 8piGNTaβ,
GN
κ′g2i
(
FαβamF
m
αβb +
1
2ηabF
lm
αβ F
αβ
lm
)
−
− 12ηab
(
R+KµνmK
m
µν −KaKa
)
= 8piGNTab,
(23)
whereGαβ is the 4D Einstein tensor andGN is the induced
gravitational constant. Tαβ , Taβ and Tab are the compo-
nents of energy-momentum tensor defined such that to be
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compatible with the confinement hypothesis. T
(YM)
αβ de-
notes the Yang-Mills energy-momentum tensor and Qαβ is
a conserved quantity expressed in terms of extrinsic cur-
vature and its trace, Ka, as
Qαβ = K
ηa
α Kβηa −KaKαβa−
− 12gαβ(KµνaKµνa −KaKa),
Qαβ ;β = 0,
(24)
and ∇(tot)µ , the total covariant derivative, is defined as
∇(tot)µ Kαβm = Kαβm;µ −AµmnK nαβ . (25)
The resulting field equations provide both the equations of
general relativity and of Yang-Mills. Thus, it introduces a
unifying picture like the Kaluza-Klein theory [22].
3. FLRW cosmology
Let us now analyze the influence of the extrinsic curva-
ture terms on a Homogeneous and isotropic universe. We
assume that the FLRW spacetime is embedded locally and
isometrically in a D = n + 4 dimensional Minkowskian
spacetime. For simplicity, we assume the twisting vec-
tor fields Aµab vanish (charge less universe). Consider the
standard spatially homogeneous and isotropic line element
ds2 = −dt2 + a(t)2
(
dr2
1− kr2 + r
2dΩ2
)
, (26)
where a(t) is the cosmic scale factor and k is +1, −1 or
0, corresponding to the closed, open, or flat universes,
respectively. Due to the symmetries of the embedded
4-dimensional universe, the energy-momentum tensor is
taken to be diagonal. Hence, we adopt the a perfect fluid
form for the energy-momentum tensor in comoving coor-
dinates, as
Tµν = (ρ+ p)uµuν + pgµν , uµ = −δ0µ,
Tµa = 0,
Tab = pext.ηab,
(27)
where pext. is the pressure along the extra dimensions, in-
side of thick brane.
As we know, the line element (26) is conformally flat.
On the other hand, it is well known that a submanifold of
a conformally flat ambient space is conformally flat if and
only if it is totally quasiumbilical and a totally quasium-
bilical submanifold of a conformally flat space is always
conformally flat [23]. This means that for a totally qua-
siumbilical submanifold, the second fundamental form is
given by
Kαβm = Dmgαβ +Bmuαuβ , (28)
where Dm and Bm are arbitrary functions. In particular,
if Dm = 0, then the submanifold is said to be cylindrical
and if Bm = 0, then the submanifold is said to be totally
umbilical. One can obtain the components of extrinsic
curvature from the second set of the field equations (23)
as
K00m = − 1a(t)H ddt
(
fm(t)
a(t)
)
,
Kαβm =
fm(t)
a2(t) gαβ , α, β = 1, 2, 3,
(29)
where fm(t) are arbitrary functions of cosmic time t, and
H is the Hubble parameter. Note that, Dm and Bm in
equation (28) can be verified in comparison with equation
(29) as
Dm =
fm(t)
a2(t) ,
Bm =
fm(t)
a2(t) − 1a(t)H ddt
(
fm(t)
a(t)
)
,
(30)
which shows that our calculations are consistent with
above theorem on the quasiumbilical submanifolds. The
values of normal curvature of FLRW universe can be ob-
tained from equation (10) as
Lm(0) =
a2(t)
fm(t)
,
Lm(α) =
a2(t)
fm(t)
−1+ f˙m(t)
fm(t)H
, α = 1, 2, 3.
(31)
Note that to determine uniquely the extrinsic curvature,
the arbitrary functions fm must be determined. Notwith-
standing the fact that we considered more than one extra
dimension, the junction condition is not applicable. Hence,
extra assumptions are needed to determine the extrinsic
curvature.
First, the symmetries of spacetime lets us assume the
functions fm(t) to be equal; fm(t) = f(t). If we set φ(t) =
φm(t) = a
2(t)/fm(t) and assume φ˙(t)
φ(t)H > 0, the normal
curvature radii will be
L = min(L(0), L(α)) = φ(t). (32)
Therefore, according to equations (15), (22) and (32) the
induced 4D gravitational “constant” and the fine struc-
ture “constant”, α, are not actually true constants and
dependent on the local normal radii of 4D submanifold as
GN = G0
(
L
L0
)−n
, α = α0
(
L
L0
)n+1
(33)
where L0 is the present value of φ(t) = L and α0 is the
fine structure at the present epoch. On the other hand,
using equations (7) and (8), the line element of ambient
space will be
ds2ambient = −
(
1−√σ 1
φm
xm(1− h
H
)
)2
dt2+(
1−
√
σ
φm
xm
)2
gµν(x
α)dxµdxν + σδmndx
mdxn,
(34)
where h := L˙/L and µ, ν = 1, 2, 3. Also, the extrinsic
curvature of any perturbed submanifold, inside of thick
4
brane, using (11) or (12) will be
K00a(x
α, xm) =
= − 1
φa
(1− h
H
)
(
1−
√
σ
φn
xn(1 − h
H
)
)
,
Kµνa(x
α, xm) = 1
φa
(
1−
√
σ
φn
xn
)
gµν(x
α),
µ, ν = 1, 2, 3.
(35)
Therefore, the deformed geometry will be well defined if we
know two independent fields: the metric and the bending
function of non-perturbed submanifold.
The components of Qαβ defined in (24) for an quasium-
bilical submanifold will be
Q00 =
3n
L2
,
Qµν = − 3nL2
(
1− 2h3H
)
gµν , µ, ν = 1, 2, 3.
(36)
Therefore, for FLRW universe, using equations (36) in
field equations (23) plus generalized conservation equation
for matter field (GNT
µν);µ = 0 for perfect fluid with equa-
tion of state p = ωρ, the induced Friedmann equations will
be
H2 + k
a2
= 8piG03 ρ0
(
a
a0
)−3(1+ω)
+ n
L2
,
a¨
a
= − 4piG03 (1 + 3ω)ρ0
(
a
a0
)−3(1+ω)
+
+ n
L2
(
1− h
H
)
.
(37)
Also, determining the trace of the first equation in (23)
and plugging it into the third equation of (23), leads to
3p− ρ = 2pext, (38)
which shows that the constancy of thickness gives a sim-
ple restriction on the pressure component of the confined
matter fields along the extra dimensions. Since we do not
yet Know the functional form of L or φ(t), we have only
the formal structure of a theory. To be able to solve above
dynamical equations, we must specify L. For this purpose
we use a simple phenomenological form for gravitational
“constant” as
GN = G0
(
a
a0
)δ
, (39)
which using (33) leads to
L = L0
(
a
a0
)− δn
, α = α0
(
a
a0
)− δ(n+1)n
. (40)
Consequently, the field equations (37) will be
H2 + k
a2
= 8piG03 ρ0
(
a
a0
)−3(1+ω)
+ n
L20
(
a
a0
) 2δ
n
,
a¨
a
= − 4piG03 (1 + 3ω)ρ0
(
a
a0
)−3(1+ω)
+
+ n
L20
(
1 + δ
n
) (
a
a0
) 2δ
n
.
(41)
The behavior of L near a spacetime singularity depends
on the topological nature of that singularity. In the point-
like singularity (like FLRW case) all values of L(µ) tend to
zero so that L also tends to zero. This property plus the
form of L in equation (40) implies δ < 0. On the other
hand, a recent fit of about 30 years of LLR data yields the
excellent measurement constraint on the time variation of
GN [24]
G˙N
GN
≃ (0± 1.1)× 10−12y−1, (42)
which is a small fraction, about 160 , of the observed Hubble
expansion rate of the universe. Hence, δ ≃ − 160 . As we see
from the Friedmann equations (41), the extrinsic curvature
plays the role of cosmological “constant”, where
ρΛ =
3n
8piGNL2
= 3n
8piG0L20
(
a
a0
) 1
60 (1− 2n )
,
pΛ = (−1 + 130n )ρΛ.
(43)
Therefore, the extrinsic shape of brane induces a cosmolog-
ical “constant” proportional to the inverse-square of nor-
mal curvature radii,
Λ = 8piGNρΛ = Λ0
(
a
a0
)− 130n
, Λ0 =
3n
L20
, (44)
Explicitly, by inserting equation (20) into (44) we obtain
Λ0L
2
Pl =
3n
κ2
(
4pi
g20
) (
LPl
l
)6
, ωΛ = −1 + 130n , (45)
where LPl denotes reduced Planck’s length at the present
epoch. An interesting point to note is that the obtained
cosmological constant is inversely proportional to the sixth
power of brane thickness, the inverse of the coupling con-
stants.
Let us now back to the number of extra dimensions in
our model. According to the Janet-Cartan theorem [25],
an Riemannian manifold of dimension d can be embedded
locally and isometrically into ambient Riemannian space
of dimension D, if D ≥ d(d+1)2 . Friedman generalized this
theorem to the case of Lorentzian manifolds and showed
that the same result is holed [26]. Therefore, for a 4-
dimensional embedded spacetime, the theorem ensures the
existence of a local isometric embedding for D ≥ 10. On
the other hand, one of the major goals of field equations
(23) is to find a geometrical method to unify fundamental
forces, using the group of isometries of the ambient space
[1]. When we identify the extrinsic twist vector fields Aµab
with the physical gauge fields, a simple arithmetic fixes
also the number of extra dimensions: For the standard
model U(1) × SU(2) × SU(3) it was found that the self-
contained gauge structure requires 11 dimensions [27, 28].
Let us return to the thickness of brane. The thickness
of brane can be taken as a fundamental minimal length
related to the the trapped standard model interactions on
the brane. For example, let l be of order of the Planck
length, then according to equation (45) we have Λ ∼ M2Pl
(or equivalently ρΛ ∼M4Pl). This is the value predicted by
by particle physics field. At the opposite end, by consider-
ing l≫ LPl it leads to a very small cosmological constant.
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In embedding models of gravity, we usually assume that
the standard model matter fields are confined to the 4D
submanifold. But in accordance with Heisenberg’s princi-
ple the confinement causes the matter fields to fluctuate
very strongly in the direction normal to the submanifold,
along the extra dimensions. In other words, if we assume
that ∆xa = 0, then the momentum of confined particles
along extra dimensions will be infinitely large. For exam-
ple, trying to localize an particle to within less than its
Compton wavelength makes its momentum so uncertain
that it can have an energy large enough to make an ex-
tra particle-antiparticle pair. In this direction, there is
another supportive argument. Suppose a massless Dirac
(Klein-Gordon) equation in the ambient space. For a D-
dimensional spinorial field (scalar field) we may make the
harmonic expansion on the compact manifold constructed
from thickness of brane [21]. Then the induced fields are
mass eigenstates in 4D spacetime, with mn ≈ nl , where
n = 0, 1, 2, ... , which shows that the thickness is propor-
tional with the inverse of lowest mass, n = 1, particles.
Therefore, according to the quantum mechanics the thick-
ness of brane is proportional with the Compton wavelength
of trapped baryonic matter (since most of the mass of or-
dinary matter comes from the protons and neutrons inside
atomic nuclei, and protons and neutrons are classified by
particle physicists as baryons) which can be thought of as
a fundamental limitation on measuring the position of a
particles. In the strong interactions physics, it is some-
times assumed that coupling to the lowest mass mesons
determines the localization size of hadrons to be 1/mmeson
in the manner first described by Yukawa [29]. On the
other hand, as we know, all hadrons couple via the strong
interaction to low mass mesons. Consequently, the thick-
ness of brane cannot be appreciably less than the range
of the strong interactions Rhad ∼ 1/λQCD ∼ 1 fm. Fur-
ther evidence in support of the idea that all hadrons, e.g.
nucleons, couple strongly to low mass mesons is the fact
that pions are the principal secondary component in high-
energy collisions [30]. Therefore, in a good approximation
l is set to be the overlap of the quark and antiquark wave
functions in the pions, fpi− = 130.41 MeV [31] (size of all
hadrons are & 1
fpi−
). Therefore, we adopt
l =
1
fpi
. (46)
Inserting this relation into the equation (45) and also n =
7, we obtain
ρ0Λ =
3
2pi
(
4pi
g20
)2
G0f
6
pi ,
ωΛ = −0.998
(47)
where g20/4pi = 16.8 is the strong interaction pion-nucleon
coupling parameter at the present epoch [32, 33]. There-
fore, the vale of the cosmological constant is greatly con-
trolled by extrinsic size of trapped baryonic matter on the
brane which causes the cosmological constant to be small.
The cosmological constant and its energy density can be
obtained as
Λ0L
2
Pl = 2.56× 10−122,
ρ0Λ = (4.80× 10−3eV )4, (48)
which is well consistent with the observation [2, 34].
Note that f−1pi is approximately equal to the Compton
wavelength of the pion. Hence, the energy density of the
cosmological constant approximately is
ρ0Λ ≈ 3
2pi
(
4pi
g2
)2
G0m
6
pi. (49)
Remarkably, equation (49) is identical to the scaling law
proposed by Zeldovich [35].
4. Conclusion
If the cosmological constant originates from the vac-
uum energy of particle physics, it suffers from a serious
problem of its energy scale relative to the dark energy
density today [3]. A reasonable attitude towards this open
problem is the hope that quantum gravity will explain
that the vacuum does not gravitate, Λvac = 0 [36]. Hence,
one may be able to argue that cosmological constant, or
dark energy, has really a gravitational-geometrical origin
and is not connected to the vacuum energy. To solve the
cosmological constant problem, following [1], we intro-
duced a new gravitational model in which our spacetime
is embedded in the ambient space with seven extra dimen-
sions. The use of Nash-Morse implicit function theorem,
lets the embedded spacetime to have a thickness. As a
application, we considered the FLRW cosmological model
to be embedded in 11D ambient space. Consequently,
the induced gravitational constant is a function of the
extrinsic normal curvature of spacetime. The violation of
strong equivalence principle implies the age of universe
as a time scale of variation and therefore the variation of
GN cannot be expected to be larger than 10
−11y−1. This
suggest that the induced extrinsic term in field equations
is of the cosmological constant type. According to the
equation (47), the present value of cosmological constant
can be described in terms of 4D gravitational constant,
the strong interaction pion-nucleon coupling parameter
and the size of overlapping of the quark and antiquark
wave functions in the pions. This theoretical obtained
value of cosmological constant is consistent with the
observations.
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